IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Conformal self-dual fields

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2010 J. Phys. A: Math. Theor. 43 115401
(http://iopscience.iop.org/1751-8121/43/11/115401)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.157
The article was downloaded on 03/06/2010 at 08:41

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/1751-8121/43/11
http://iopscience.iop.org/1751-8121
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

IOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 43 (2010) 115401 (26pp) doi:10.1088/1751-8113/43/11/115401

Conformal self-dual fields

R R Metsaev

Department of Theoretical Physics, PN. Lebedev Physical Institute, Leninsky prospect 53,
Moscow 119991, Russia

E-mail: metsaev@Ipi.ru

Received 15 January 2010, in final form 1 February 2010
Published 2 March 2010
Online at stacks.iop.org/JPhysA/43/115401

Abstract

Conformal self-dual fields in flat spacetime of even dimension greater than
or equal to 4 are studied. Ordinary-derivative formulation of such fields
is developed. Gauge invariant Lagrangian with conventional kinetic terms
and corresponding gauge transformations are obtained. Gauge symmetries
are realized by involving the Stueckelberg fields. The realization of global
conformal symmetries is obtained. The light-cone gauge Lagrangian is found.
Also, we demonstrate the use of the light-cone gauge for counting the on-shell
degrees of freedom of the conformal self-dual fields.

PACS numbers: 11.25.Hf, 11.15.—q, 11.15.Ex

1. Introduction

In Poincaré and conformal supergravity theories, the self-duality manifests itself in different
ways. In Poincaré supergravity theories, some of the antisymmetric tensor fields are not self-
dual, while their field strengths are self-dual (see, e.g., [1]).! In contrast to this, in conformal
supergravity theories, some of the antisymmetric tensor fields are self-dual themselves, while
their field strengths are not self-dual (see, e.g., [6]).

In Poincaré supergravity theories, the antisymmetric tensor fields are realized as gauge
fields, while in the standard approach to conformal supergravity theories there are no
gauge symmetries related to the self-dual antisymmetric tensor fields. Note also that the
antisymmetric tensor fields of Poincaré supergravity theories describe ghost-free dynamics,
while the ones of conformal supergravity theories contain ghost degrees of freedom.

In this paper, we discuss the self-dual antisymmetric tensor fields of conformal
supergravity theories (which are well defined only in d = 4, 6) and their counterparts in

U 1t is the self-duality of the field strength that leads to the problem with Lorentz invariant action for the gauge
antisymmetric tensor field [2] without the use of auxiliary fields. The study of the Lorentz covariant formulations
involving auxiliary fields may be found in [3, 4]. An interesting discussion of self-dual fields in d = 6, 10 may be
found in [5].
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spacetimes of arbitrary even dimensions. It is these self-dual antisymmetric tensor fields that
will be referred to as conformal self-dual fields, or shortly as self-dual fields in this paper.

The standard formulation of the self-dual fields involves exotic kinetic terms®. These
exotic kinetic terms can be re-expressed in terms of kinetic terms involving the standard
Dalambertian operator but this leads to higher derivatives (see e.g. [6]). Also, as was mentioned
above, in the standard approach, there are no gauge symmetries associated with such self-dual
fields.

The purpose of this paper is to develop an ordinary (not higher-) derivative, gauge invariant
and Lagrangian formulation for the self-dual fields®. In this paper, we discuss free self-dual
fields in the spacetime of even dimension d > 4. Our approach to the self-dual fields can be
summarized as follows.

(i) We introduce additional field degrees of freedom (D.o.F.), i.e. we extend the space of
fields entering the standard formulation of self-dual fields. These additional field D.o.F.
are supplemented by appropriate gauge symmetries*. We note that these additional field
D.o.F. are similar to the ones used in the gauge invariant formulation of massive fields.
Sometimes, such additional field D.o.F. are referred to as Stueckelberg fields.

(ii) Our Lagrangian for the free self-dual fields does not involve higher than second-order
terms in derivatives. Two-derivative contributions to the Lagrangian take the form of the
standard kinetic terms of the antisymmetric tensor fields. The Lagrangian is invariant
under gauge transformations and global conformal algebra transformations.

(iii) Gauge transformations of the free self-dual fields do not involve higher than first-order
terms in derivatives. One-derivative contributions to the gauge transformations take the
form of the standard gauge transformations of the antisymmetric tensor fields.

(iv) The gauge symmetries of our Lagrangian make it possible to match our approach with
the standard one, i.e. by an appropriate gauge fixing of the Stueckelberg fields and by
solving some constraints, we obtain the standard formulation of the self-dual fields. This
implies that our approach retain on-shell D.o.F. of the standard theory of self-dual fields,
i.e. on-shell, our approach is equivalent to the standard one.

As is well known, the Stueckelberg approach turned out to be successful for the study
of theories involving massive fields. That is to say that all covariant formulations of string
theories are realized by using Stueckelberg gauge symmetries. The self-dual fields enter
the field content of conformal supergravity theories. Therefore, we expect that the use of
the Stueckelberg fields for studying the self-dual fields might be useful for developing new
interesting formulations of the conformal supergravity theories.

The rest of the paper is organized as follows.

In section 2, we summarize the notation and review the standard approach to the self-dual
fields.

In section 3, we start with the example of a self-dual field propagating in 4d Minkowski
space. For this field, we obtain the ordinary-derivative gauge invariant Lagrangian. We find
the realization of the conformal so(4, 2) algebra symmetries on the space of gauge fields
and on the space of field strengths. Also we obtain the light-cone gauge Lagrangian and
demonstrate that the number of on-shell D.o.F. of our approach coincides with the one in the

2 For instance, the self-dual field 7% of N' = 4, 4d conformal supergravity is described by the Lagrangian
L =09 Tab a¢ Tz‘b_

3 Making comparison with various approaches to massive fields, one can say that the standard approach to the
self-dual fields is a counterpart of the Pauli-Fierz approach to the massive fields, while our approach to the self-dual
fields is a counterpart of the Stueckelberg approach to the massive fields.

4 To realize those additional gauge symmetries, we adopt the approach of [7, 8] which turns out to be the most useful
for our purposes.
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standard approach to the self-dual field. We discuss the decomposition of those on-shell D.o.F
into irreps of the so(2)algebra.

In section 4, we generalize results obtained in section 3 to the case of self-dual fields
propagating in Minkowski space of arbitrary dimension.

In section 5, we represent our results in sections 3 and 4 by using the realization of field
degrees of freedom in terms of generating functions. The generating functions are constructed
out of the self-dual gauge fields and some oscillators. The use of the generating functions
simplifies considerable study of the self-dual fields. Therefore, we believe that the result in
section 5 might be helpful in future studies of the self-dual fields.

Section 6 suggests directions for future research.

We collect various technical details in the appendices. In appendix A, we discuss details
of the derivation of the ordinary-derivative gauge invariant Lagrangian. In appendix B, we
present details of the derivation of the conformal algebra transformations of gauge fields. In
appendix C, we discuss some details of the derivation of the light-cone gauge Lagrangian. In
appendix D, we collect some useful formulas involving the Levi-Civita symbol.

2. Preliminaries

2.1. Notation

Throughout the paper, the dimension of a flat spacetime, which we denote by d, is restricted
to be an even integer, d = 2v. Coordinates in the flat spacetime are denoted by x“, while 9,
stands for the derivative with respect to x%, d, = d/9dx“. Vector indices of the Lorentz algebra
so(d — 1, 1) take the values a, b, c,e =0, 1, ..., d — 1. To simplify our expressions, we drop
Nap 1n scalar products, i.e. we use X“Y* = n,, X¢ Y?. The notation e®-®b1--bv stands for the
Levi-Civita symbol. We assume the normalization !4~ = 1.

To avoid complicated tensor expressions, we use a set of the creation operators «?, ¢, v®,
v°, and the respective set of annihilation operators @“, Z, 0%, 0%

a*10) = 0, £10) = 0, 710y = 0, 7°10) = 0. @2.1)

These operators satisfy the following (anti)commutation relations:

{@, a’} =n", {¢.cy=1, (2.2)
[0°,v°] =1, [0°, V] =1, (2.3)
and will often be referred to as oscillators in what follows’. The oscillators «%, @* and .z,

v®, v°, 0°, 0° transform in the respective vector and scalar representations of the so(d — 1, 1)
Lorentz algebra and satisfy the following Hermitian conjugation rules:

'l =a, =, v =10°, v =10°. (2.4)

Throughout this paper, we use operators constructed out of the oscillators and derivatives

O = 99, ad = a9, ad = a“d”, 2.5)
N, = a"a®, (2.6)

5 We use oscillator formulation [9-14] to handle the many indices appearing for tensor fields. It can also be
reformulated as an algebra acting on the symmetric-spinor bundle on the manifold M [15]. Note that the scalar
oscillators ¢, ¢ arise naturally by a dimensional reduction from flat space. It is natural to expect that the ‘conformal’
oscillators v®, v°, 0%, U° also allow certain interpretation via dimensional reduction. Interesting recent discussion
of dimensional reduction may be found in [16].
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N, =g, 2.7)
Nyo = v°0°, (2.8)
Nyo = v°0°, (2.9)
N, = Nye + Nyo. (2.10)

2.2. Global conformal symmetries

In the spacetime of dimension d, the conformal algebra so(d, 2) referred to the basis of
Lorentz algebra so(d — 1, 1) consists of translation generators P“, conformal boost generators
K¢, dilatation generator D and generators so(d — 1, 1) Lorentz algebra J®. We assume the
following normalization for commutators of the conformal algebra:

[D, PV=—P*, [P J"]=n"P" =3P, (2.11)
[D, Ka] — Ka’ [Ka, ]bc] — nach _ UaCKb, (212)
[P, K"l =n*D—J", (2.13)
[J9, g1 = > J% + 3 terms. (2.14)

Let |¢) denote the field propagating in the flat spacetime of dimension d > 4. Let the
Lagrangian for the free field |¢) be conformal invariant. This implies that the Lagrangian is
invariant with respect to the transformation (invariance of the Lagrangian is assumed to be up
to the total derivative)

31¢) = Glo), (2.15)

where a realization of the conformal algebra generators G in terms of differential operators
takes the form

P =9, (2.16)
Jb = x99 — xP9% + M, (2.17)
D=xd+A, (2.18)
K*=K4 ,+R", (2.19)
K4 y=—3x9"+xD+ M“x", (2.20)
xd = x9°, x? = x%%“. (2.21)

In (2.17)—(2.19), A is the operator of conformal dimension, M is the spin operator of the
Lorentz algebra,

(M, M) = " M + 3 terms, (2.22)

and R“ is the operator depending on the derivative d and not depending on the spacetime
coordinates x%, [P%, R’] = 0. The spin operator M is well known for arbitrary tensor fields
of the Lorentz algebra. In the standard formulation of the self-dual fields, the operator R* is
equal to zero, while in the ordinary-derivative approach, we develop in this paper, the operator
R? is non-trivial. This implies that, in the framework of the ordinary-derivative approach,
the complete description of the self-dual fields requires finding not only the gauge invariant
Lagrangian but also the operator R“.
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An explicit representation for the action of the operator K% ,, (2.20) is easily obtained
from the relations given above. Let A%~ be the rank-n antisymmetric tensor field of the
Lorentz algebra so(d — 1, 1), while A(A) is a conformal dimension of this tensor field.
Relation (2.19) implies that the conformal boost transformations of A““ can be presented
as

Sia A = Sy AU 4 S A, (2.23)
5KZ‘MAa1...a,1 — KZ(A)Aal...a,l + Z MAKE p Q11 C i (2.24)
k=1
a 1 2qa a
K\ = —Ex 0 +x%(x0 + A), (2.25)
Mabc = 77ahxc _ nacxb‘ (226)

Thus, all that remains is to find explicit representation for the operator R?. This is what we are
doing, among other things, in this paper.

2.3. Standard approach to self-dual fields

We begin with a brief review of the standard approach to the conformal self-dual fields. In
this section we recall the main facts of conformal field theory about these fields.

Consider the totally antisymmetric rank-v tensor field 7%, v = %, of the Lorentz
algebra so(d — 1, 1), where the dimension of spacetime d is an even integer. In the framework
of a standard approach, the field 7%~ is referred to as a conformal self-dual field if it meets
the following requirements.

(a) The field T“ % satisfies the self-duality constraint

Tul...u., — L'eal...a,,bl...b., Tb]...bv, (227)
V!

{j:i for d = 4k;
T =

+1 for d =4k +2, (2.28)

where €1y ig the Levi-Civita symbol. For flexibility, we do not fix the sign of 7.
Constraint (2.27) implies that 7% is complex-valued when d = 4k. Ind = 4k +2, the
field 7% is considered to be real-valued.

(b) Dynamics of the field 7% is described by the Lagrangian

Ly = UT e QPP for d =4k, (2.29)

1
(v —1)!

deT a2 gbhazan for d=4k+2,  (2.30)

st —

1
v—1n!
where 7T in (2.29) stands for the complex conjugate of 7.
We now note the following.
(i) Requiring the Lagrangian to be invariant under the dilatation transformation, we obtain
the conformal dimension of the field 7% %,
d—2

AT ") = 5 (2.31)

which is referred to as the canonical conformal dimension of the conformal self-dual field.
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(i) The operator R“ of the field 7% is equal to zero.

(iii) The simplest case of the self-dual field, which is an antisymmetric complex-valued rank-2
tensor field 7%, corresponds to d = 4 with the following self-duality constraint (see
(2.27)):

T = %e“b"eT“. (2.32)
The Lagrangian for the field 7% can be read from (2.29):
Lo = 3°TaT". (2.33)

The field T% appears in the field content of N = 4, 4d conformal supergravity.

3. Ordinary-derivative approach to the self-dual field for d = 4

As a warm up, let us start with the simplest case of the self-dual fields. Consider the self-
dual field T% propagating in 4d flat space. In the framework of the ordinary-derivative
approach, a dynamical system whose on-shell equivalent to the self-dual field 7% with the
Lagrangian (2.33) involves two vector fields ¢“ | and ¢{, one scalar field ¢ and one self-dual
rank-2 tensor field #?. In other words, we use the following field content:

¢4, o7, o, 1, (3.1

tah — zéabcetce

2 9
v = #i. All fields in (3.1) are complex-valued. Conformal dimensions of these fields are
given by

(3.2)

A(¢?)) =0, Agf) =2, Algo) = 1, A =1.  (3.3)

We note that the subscript k£’ in ¢ implies that the conformal dimension of the field ¢y is
equal to 1 +k'.
The ordinary-derivative action and Lagrangian we found take the form

§_ / &L, (3.4)
1 ab, T ab 1 ab 1 ab
EZ_EF (¢_1)F (¢>1)—§F (@) F*(P-1)
1_ 1, - - -
—S TP FP @) = SFU @0 — (§ + 8°Go) (1 + 9 du). 35

where @, and 7%’ are the respective complex conjugates of ¢y and °°, while F%(¢) stands
for the field strength defined as

F () = 99" — 8°¢°. (3.6)

Details of the derivation of Lagrangian (3.5) may be found in appendix A.
A few remarks are in order.

(i) Two-derivative contributions to Lagrangian (3.5) are the standard kinetic terms for the
vector fields ¢?,, ¢ and the standard Klein—Gordon kinetic term for the scalar field ¢,.

(i) In addition to the two-derivative contributions, the Lagrangian involves one-derivative
contributions and derivative-independent mass-like contributions. The appearance of
the one-derivative and derivative-independent contributions to the Lagrangian is a
characteristic feature of the ordinary-derivative approach.
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(iii) The self-dual field #°* plays the role of a Lagrangian multiplier. Equations of motion
for 1% together with the self-duality constraint for ** (3.2) tell us that on-shell the field
strength F ab () is self-dual:

ab _ E abce yce
F (¢1)—26 F(¢1). (3.7

3.1. Gauge transformations
To discuss gauge symmetries of Lagrangian (3.5), we introduce the following gauge

transformation parameters:

§-2, §o, VR (3.8)
All these gauge transformation parameters are complex-valued. Conformal dimensions of the
gauge transformation parameters are given by

AE) = —1, A&) =1, ALY =0. (3.9)

We find that Lagrangian (3.5) is invariant under the gauge transformations

59 = 9% (3.10)
8¢, = 0" 2 — 27, (3.11)
Sy = —Eo . (3.12)
8t = F™ (L) + %e””“’F"e(x), (3.13)

where the field strength F®()) for the gauge transformation parameter A% is defined as in
(3.6).

From (3.11), (3.12), we see that the vector and scalar fields, ¢, ¢, transform as
Stueckelberg fields, i.e. these fields can be gauged away via Stueckelberg gauge fixing,
¢, =0, ¢o = 0. If we gauge away these fields, and exclude the vector field ¢{ via
equations of motion, then our Lagrangian reduces to the Lagrangian of the standard approach
(2.33). Note also that, in the Stueckelberg gauge, the field ° is identified with the generic
self-dual field 7°°. Thus, our approach is equivalent to the standard one.

3.2. Realization of conformal algebra symmetries

To complete the ordinary-derivative description of the conformal self-dual field, we should
provide the realization of the conformal algebra symmetries on a space of fields (3.1). The
Poincaré algebra symmetries are realized on fields (3.1) in a standard way. The realization of
dilatation symmetry is given by (2.18), where conformal dimensions of fields (3.1) are given
in (3.3). A general realization of conformal boost symmetries on arbitrary tensor fields is
given in (2.23). According to (2.23), we should find realizations of the operators K3 ,, and
R? on a space of fields (3.1). The realization of the former operator is obtained by adopting
the general formula (2.24) for gauge fields (3.1):

Ske b = K& g B0 + MG, K = +1, (3.14)

3KZ,M¢O = KZ(¢U)¢O ’ (3.15)

8](‘7 ta]az — KZ( )talaz +Maalctca2 +Maazctalc (3 16)
aM t > .

where the operator K3 and conformal dimensions are defined in (2.25) and (3.3), respectively.
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The real difficulty is to find the operator R®. The realization of the operator R“ on a space
of gauge fields (3.1) that we found is given by

Sret = =1 = "y — 091, = ZePF gy, (3.17)
Sregp?) =0, (3.18)
Srocpo = 92, (3.19)
Srat“® = U — T + TPl (3.20)

Using (3.14)—(3.20) and general formula (2.23),
Ska = Sky ,, * ORa, (3.21)

gives the conformal boost transformations of the gauge fields.

From (3.17)—(3.20), we see that the operator R* maps the gauge field with a conformal
dimension A into the ones having a conformal dimension less than A. This is to say that the
realization of the operator R? given in (3.17)—(3.20) can schematically be represented as

b1 —> 1 ® po B 0P, (3.22)

50, do —> @1, o1 =50, (3.23)

Details of the derivation of the operator R* may be found in appendix B.® As a side of remark
we note that, having introduced the field content and the Lagrangian, the operator R? is fixed
uniquely by requiring that

(i) the operator R should not involve higher than first-order terms in the derivative;
(ii) the Lagrangian should be invariant under the conformal algebra transformations.

As usual, the conformal algebra transformations of gauge fields (3.1) are defined up to
gauge transformations. Alternatively, the conformal algebra symmetries can be realized on
a space of field strengths. We now discuss field strengths for gauge fields (3.1) and the
corresponding conformal transformations of the field strengths.

3.3. Realization of conformal algebra symmetries on the space of field strengths

We introduce the following field strengths which are constructed out of gauge fields (3.1):

freab _ ab, (3.24)
Fabe — pabe(Ty. (3.25)
Fo = g 4+ 9, (3.26)
Feab — pab(g,) (3.27)

where F(¢,) is defined as in (3.6), while 7%* and F®*“(T) are defined by the respective
relations:

T
Tah — z‘ab + Fah(¢—l) + Efahcche((lS—l), (328)
6 In appendix B, the operator R” is obtained by using the realization of field D.o.F. in terms of generating functions.

The discussion of the generating functions may be found in section 5. Therefore, before reading appendix B, the
reader should consult section 5.
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Febe(T) = 9°T" + 9T 1+ 9T (3.29)

One can make sure that field strengths (3.24)—(3.27) are invariant under gauge transformations
(3.10)—(3.13). Conformal dimensions of the field strengths can easily be read from
relations (3.3) and (3.24)—(3.27):

A(Feab) — 1’ A(FabC) — 2’ A(FEBSG) = 2, A(F@ah) =3. (330)

Poincaré algebra symmetries are realized on a space of the field strengths in a usual way.
The realization of dilatation symmetry is given by (2.18), where conformal dimensions of the
field strengths are given in (3.30). All that remains is to find conformal boost transformations
of the field strengths. Making use of the conformal boost transformations of the gauge fields
defined by relations (3.14)—(3.20), we find the corresponding conformal boost transformations
of the field strengths. Those conformal boost transformations of the field strengths can be
represented as in (2.23), (2.24), where we substitute, in place of the tensor fields A% the
fields strengths with the following realization of the operator R*:

SgraFe¢ =0, (3.31)
SR“ Fbce — _nabFece _ nacFeeb _ naeFebc , (332)
Spa Fob = —Foab (3.33)
(SRaF@bC — nabF@ec _ nucFa;eb + Fabc — 3 Febc. (334)

From (3.31)-(3.34), we see that the operator R* maps the field strength with a conformal
dimension A into the ones having a conformal dimension less than A. In other words, the
realization of the operator R* given in (3.31)—(3.34) can schematically be represented as

Fe X P o Foare, (3.35)
F = Fe, Fee &, pe, Fe 0. (3.36)

3.4. On-shell degrees of freedom and light-cone gauge Lagrangian

In order to discuss on-shell D.o.F. of the conformal self-dual field, we use a nomenclature of
the so(d — 2) algebra which is so(2) when d = 4 . Namely, we decompose the on-shell D.o.F.
into irreps of the so(2) algebra. One can prove that the on-shell D.o.F. of the self-dual field
are described by two so(2) algebra self-dual complex-valued vector fields ¢il, ¢i and one
complex-valued scalar fields ¢y:

iy 1 ¢o, (3.37)

where vector indices of the so(2) algebra take values i, j = 1, 2. The vector fields satisfy the
so(2) self-duality constraint:

ol =1 lelgl ol =1l (3.38)
where €'/ is the Levi-Civita symbol normalized as €'? = 1.

Using the light-cone gauge frame, one can make sure that the gauge invariant
Lagrangian (3.5) leads to the following light-cone gauge Lagrangian for fields (3.37):

Lic. = @1 0L, +¢1 D¢ +do Do — $i). (339)
Details of the derivation of the on-shell D.o.F. and the light-cone gauge Lagrangian may be
found in appendix C.
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From (3.37), (3.38), we see that the number of real-valued on-shell D.o.F. is equal to 6.
This result agrees with the one found in [6]. Note however that we not only find the number
of the on-shell D.o.F. but also provide the decomposition of those on-shell D.o.F. into irreps
of the so(2)algebra.

4. Ordinary-derivative approach to the self-dual field for arbitrary d = 2v

We now develop the ordinary-derivative approach to the conformal self-dual field propagating
in flat spacetime of an arbitrary even dimension d = 2v. To discuss the ordinary-derivative
approach to the self-dual field, we use the following field content:

¢ill~~~av—l , ¢Tlmav—l , glmau—z7 tal...a,,’ (41)
where the field #“+% satisfies the self-duality constraint

l‘a'“'a” — Leal~~~avhl<~hvthl~~~hv, (42)
v!
and 7 is defined in (2.28). We note that
(i) fields in (4.1) are antisymmetric tensor fields of the Lorentz algebra so(d — 1, 1);
(ii) fields in (4.1) are complex-valued when d = 4k and real-valued when d = 4k + 2;
(iii) conformal dimensions of fields in (4.1) are given by

A( i[l...av,]) — d;“-7 A( Tl,..a,,l) — %, A( 8],,,0‘}72) — d ; 2’
A0y = %. 4.3)

We note that the subscript k&’ in ¢ implies that the conformal dimension of the field ¢y
is equal to % + k.

An ordinary-derivative action that we found is given by
S = /ddxﬁ, 4.4)

where the Lagrangian takes the form
1 - 1 -
L= —;Fa""a” (- F" " (1) — ;Fa""a” (D F“ " (¢-1)

1_ 1 -
_ Ftal...au Falu.a., (d)l) _ Ftalma” Fal...a‘, (¢1)
1

S w=1) (
when d = 4k, while for d = 4k + 2, the Lagrangian is given by

¢E‘111---au—1 + Fal...au_1((50))( 1111---11\:—1 + Fa]...a,,_](qc)o))’ (45)

1 1
;C — __'Fal...a,, (¢_1)Fa]...a,, (¢]) _ _‘tal...av Fa]...av (¢])
Vi Vi

1 ay...dy—1 ap...ay— ay...dy—| ay...ay—
- m( 1 + FOa=1 (o)) () + F41(¢y)), (4.6)
where the field strengths are defined as
FO1--n (¢) = na[al¢az-~an] (4‘7)

and the antisymmetrization of the tensor indices is normalized as [a; . ..a,] = %(al ...a,
(n! — 1) terms).

10
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We note that

(i) two-derivative contributions to Lagrangians (4.5), (4.6) take the form of standard
second-order kinetic terms for antisymmetric tensor fields. Besides the two-derivative
contributions, the Lagrangians involve one-derivative contributions and derivative-
independent mass-like contributions.

(ii) Equations of motion for * % and the self-duality constraint for r*-* (4.2) imply that
on-shell the field strength F“'~% (¢,) satisfies the self-duality constraint:

Fal...a\, (¢1) — L’eal...aubl...bv Fblmb,, (¢1). (4.8)
v

4.1. Gauge transformations

We now discuss gauge symmetries of Lagrangians (4.5), (4.6). To this end, we introduce the
following gauge transformation parameters:

ilz...a,,,z i %_611...41.,,2 i é_ﬁ]l...u.,% , At (49)
‘We note that

(i) gauge transformation parameters (4.9) are antisymmetric tensor fields of the Lorentz
algebra so(d — 1, 1);

(ii) gauge transformation parameters (4.9) are complex-valued when d = 4k and real-valued
when d = 4k + 2;

(iii) conformal dimensions of gauge transformation parameters (4.9) are given by

ay...a,_ d—6 ajp...ay_n d—2 ay...a,_ d—4
M) =TS0 A = ARy =
d—4
A1y = — (4.10)
Gauge transformations that we found take the form
by = F (o), (4.11)
Bl = PNt () — AN (4.12)
8¢glmav72 — Fa]...a,,,z (S—l) _ gl...av,z’ (413)
5tu1...a‘, — Fal...a., ()\’) + L'eal...a,,bl...b., Fb[...b\, ()\,), (414)
v!

where strengths for the gauge transformation parameters are defined as in (4.7).
From (4.12), (4.13), we see that the gauge fields ¢“; "', ¢g'“ transform as
Stueckelberg fields, i.e. these fields can be gauged away via Stueckelberg gauge fixing,
Ut =0, @' = 0. If we gauge away these fields and exclude the field ¢i" ™" via
equations of motion, then our Lagrangians (4.5), (4.6) reduce to the respective Lagrangians
of the standard approach, (2.29), (2.30). Thus, our approach is equivalent to the standard one.
Note that one-derivative contributions to gauge transformations (4.11)—(4.14) take the form

of the standard gauge transformations for antisymmetric tensor fields.

11
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4.2. Realization of conformal algebra symmetries

To complete the ordinary-derivative description of the conformal self-dual field, we should
provide the realization of the conformal algebra symmetries on a space of tensor fields (4.1).
The realization of the Poincaré algebra symmetries on the tensor fields is well known. The
realization of dilatation symmetry is given by (2.18), where conformal dimensions of fields
(4.1) are given in (4.3). The general form of conformal boost transformations of arbitrary
tensor fields is given in (2.23). According to (2.23), we should find realizations of the operators
K3y and R on space of fields (4.1). The realization of the former operator is obtained by
adopting the general formula (2.24) for gauge fields (4.1). The real problem is getting a
realization of the operator R®. The realization of the operator R* on the space of gauge fields
(4.1) that we found is given by

8 e ?1...a\,,, — g () l)na[a|¢gz"-ﬂv—l]

_ 5 i,l...av,. _ %eaal...av,lbl...bvFb]...b., (-1, (4.15)
Srep™ i = 0, (4.16)
Srell 4t = 4.17)
8 pet @ = vna[a,d)izlma.,] + = 1)!Eal..Aavahl...h\,,]¢illwb,,_1. (4.18)

Making use of these relations and general formula (2.23) gives the conformal boost
transformations of gauge fields (4.1).

4.3. On-shell degrees of freedom and the light-cone gauge Lagrangian

We now discuss on-shell D.o.F. of the self-dual field. As before, for this purpose it is convenient
to use fields transforming in irreps of the so(d — 2) algebra. Using the method in appendix C,
one can prove that on-shell D.o.F. are described by the following antisymmetric tensor fields
of the so(d — 2) algebra:

i_l.l..i\,,l’ ¢i'1u.i‘,,1’ ¢(i)1...i\,,2’ (4.19)
where vector indices of the so(d — 2) algebra take values i, j = 1,2,...d — 2. Fields in
(4.19) are complex-valued when d = 4k and real-valued when d = 4k + 2. The fields ¢i_"l"""" s
i""i”" satisfy the so(d — 2) self-duality constraint:
-1

iy T T RS TON SRR [y M
e o 1)!61 et (4.20)
PR 1:’1 .. .. i
Iely—1 Lecdy—1 J1-Ju—1 1--Ju—1
1 T - 1)!€ ol ) (4.21)
where /1-1/1-/--1 ig the Levi-Civita symbol normalized as €'>+4~2 = 1.
The total number of real-valued on-shell D.o.F. given in (4.19) is equal to
h5v — Qv — 4)! 2 for d =4k;
_ v =D - Dt h= (4.22)
(v—=D!v—-2)! 1 for d=4k+2.

Namely, we note that nis a sum of n(¢}; ") and (¢ ") which are the respective numbers
of the real-valued independent tensorial components of the fields ¢! and ¢ " :

n=n(g!""") +n(d";"") +n(¢p "), (4.23)

12
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_ h(@v—2)! _ hQv—4)!

n(gll; 1) = (e n(g ) = ORI (4.24)

Using the light-cone gauge frame, one can make sure that, for d = 4k, the gauge invariant
Lagrangian (4.5) leads to the following light-cone gauge Lagrangian for fields (4.19):

L‘, _ 1 _il...iv_| D l']u.i‘,_l + 1 ¢zi|,,.l’\,_] |:|¢i1...iv_]
T w1t -l w—1r ! !

L i o i | A
T R R et R R (4.25)

while, for d = 4k + 2, the gauge invariant Lagrangian (4.6) leads to the following light-cone
gauge Lagrangian for fields (4.19):

['l — 1 Iy 0 i.dy_1 + 1 qbi]...i\,,zD(bil...i\,,z
T =t -1 2w =210 0
1 Foiot ity
~ =D L (4.26)

5. Oscillator form of the Lagrangian

In the preceding sections, we have presented our results for the self-dual fields by using the
representation of the field content in terms of the tensor fields. However, the use of such
representation is not convenient in many applications. In this section, we represent our results
by using the representation of the field content in terms of generating functions constructed
out of the tensor fields and the appropriate oscillators’. This is to say that in order to obtain
the Lagrangian description in an easy-to-use form, we introduce creation operators «?, ¢, v®,
v® and the respective annihilation operators @“, Z, ©°, ©° and collect tensor fields (4.1) in the
ket-vector |®) defined by

()
|®) = , (5.1
Ir)
|9) = v¥1¢1) + V7Ip-1) + L o), (5.2)
1 aj ay_q 4 A1---Ay—] r_
|pr) = T b 0), k'=—1,1, (5.3)
|¢0> = mual . .aau—2¢gl...av—2|0>’ (54)
[t) = lot“‘ coa® ). (5.5)
v!

In the literature, ket-vectors (5.1)—(5.5) are sometimes referred to as generating functions.
The ket-vectors |¢), |t) satisfy the obvious algebraic constraints

(No + No)|@) = (v — DI@), (5.6)
(Ny + Ny)|o) = 9), (5.7
No|t) = vt), (5.8)

7 Note that in this paper we use oscillators just to handle the many indices appearing for tensor fields. In a proper
way, the oscillators arise in the framework of the world-line approach to higher spin fields (see e.g. [17-19]).

13
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where we use the notation given in (2.6)—(2.10). We note that these algebraic constraints tell
us about the number of oscillators a, ¢, v®, v° appearing in the ket-vectors |¢) and |z). In
terms of the ket-vector |t), the self-duality constraint (4.2) takes the form

t) = €lt), (5.10)

where we use the notation for the e-symbol

€= e areabibygar - gtgbe @bt (5.11)
Useful relations for the e-symbol (5.11) and various related e-symbols may be found in
appendix D.
In terms of the ket-vector |®), Lagrangians (4.5), (4.6) can be re-expressed as
h
£=§(d>|E|<I>), (5.12)
where the normalization factor 4 is given in (4.22), while the operator E is defined by the
relations
E E
g= ("% " 7 (5.13)
Eg O
E¢¢ = E¢¢(2) + E¢¢7(l) + E¢¢(0) . (514)
Eg = v°%@0, E;p = —0°a0, (5.15)
Eppo) = —adad, (5.16)
E¢¢(l) = e1@0 +adey, (517)
E¢¢(0) =mq, (518)
el = (0%, e, = —v°C, my = v°0° (N, — 1). (5.19)

Alternatively, the Lagrangian (5.12) can be represented in terms of the ket-vector of gauge
fields (5.2)—(5.5). This is to say that the Lagrangian takes the form (up to a total derivative)

—L = (F(¢-DIF (@) + (F(@DIF(p-1) + (F(@)1) + (t|F (1))

+ (1] + (F (@)D (Ié1) + | F(Po)))s (5.20)
when d = 4k, and
—L = (F(¢_DIF (@) + (F(@DIt) + S((1] + (F (@) ([d1) + | F (do))), (5.21)

when d = 4k + 2. In (5.20), (5.21) and below, the ket-vector of the field strength | F(¢)) is
defined as

|F(¢)) = ad|p). (5.22)

5.1. Gauge transformations

Gauge transformations can also be cast into the generating form. To this end we use, as
before, the oscillators «?, ¢, v®, v° and collect gauge transformation parameters (4.9) into the
ket-vector | E) defined by

(IS))
- , (5.23)
[A)

[1]

14
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where the ket-vectors |£) and |A) are defined as

1) = v®[&0) + V7[E-2) — Cé-1), (5.24)
6-1) = gy e 102 1)), K=-1,1, (5.25)
£ =4 _1 ST Q@ EN 0y, (5.26)
M= _1 TG ) (5.27)

The ket-vectors |€), |A) satisfy the obvious algebraic constraints

(Ny + Ng)|§) = (v —2)|8), (5.28)
(Ng + Ny)I§) = 18), (5.29)
Nol2) = (v — DAY, (5.30)
Ny =0, Ny|A) =0. (5.31)

As before, these constraints tell us about the number of oscillators «?, ¢, v®, v° appearing in
the ket-vectors |£) and |A).

Now, gauge transformations (4.11)—(4.14) can entirely be represented in terms of the
ket-vectors |®) and | E):

3|®) = G|E), (5.32)
where the operator G is given by
od — L 0° —v°®
G= , (5.33)
0 (1+e€)ad

and the e-symbol is defined in (5.11).

Alternatively, the gauge transformation (5.32) can be represented in terms of the ket-
vector of gauge fields (5.2)—(5.5). This is to say that the gauge transformation (5.32) amounts
to the following gauge transformations:

Slg1) = [F(80)), (5.34)
Slg—1) = |F(E-2)) — |A), (5.35)
Slo) = |F(-1)) — |€o) (5.36)
8lt) = (L+€)|F(D)), (5.37)

where the field strengths for the ket-vectors of the gauge transformation parameters are defined
as in (5.22).

5.2. Oscillator realization of conformal algebra symmetries on gauge fields

To complete the oscillator description of the conformal self-dual field, we provide a realization
of the conformal algebra symmetries on space of the ket-vector |®). The realization of the
Poincaré algebra symmetries and dilatation symmetry is given by (2.16)—(2.18), where the
operators M*” and A take the form

M = o'a" — oba“, (5.38)

15
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d—-2
2
Conformal boost transformations of |®) are given in (2.19). According to (2.19), we should
find the operators K3 ,, and R’. The former operator is given in (2.20). The realization of
the operator R on the space of |®) can be read from (4.15)—(4.18). Namely, in terms of the
ket-vector |®), transformations of the gauge fields given in (4.15)—(4.18) can be represented
as

A =

+ A, A = Nys — Ns. (5.39)

Sga|®) = R|D), (5.40)
where the realization of the operator R* on |®) takes the form
R = (Rf;¢ R;’) , (5.41)
R, 0
Ry, =ro1@® +aFo +ri.1(n" +€i’)o", (5.42)
RG, = roaa, (5.43)
Ry =ros(1+e€)a’, (5.44)
ro.1 = ¢0°, Fo.1 = —V°C, (5.45)
ri = —v®0°®, (5.46)
ro4 = —v°%, ro,5 = 0%, (5.47)

and the egb -symbol is defined in (D.4).

Alternatively, conformal boost transformations (5.40) can be represented in terms of ket-
vectors (5.2)—(5.5). To this end, we note that the realization of the operator K} ,, on the space
of ket-vectors (5.2)—(5.5) is given by (2.20), where the operators M® and A take the same
form as in (5.38), (5.39). Note that (5.39) implies the following conformal dimensions of the
respective ket-vectors:

-2

d
A(lprp)) = +k, k'=0,=+l1, (5.48)

d—2
A(lt)) = — - (5.49)
We now make sure that the realization of the operator R? given in (5.40) can be represented in

terms of ket-vectors (5.2)—(5.5) as

Srelgpr) = —a’|t) — a|gpo) — (1" + €§”)0"1p_1). (5.50)
Spalp_1) =0, (5.51)
Srelgpo) = a“1p—1) , (5.52)
Spalt) = (L+e)a’(p_y) . (5.53)

Making use of these relations gives the conformal boost transformations of ket-vectors (5.2)—
(5.5).

We now recall that the realization of the conformal symmetries on a space of the ket-
vectors of gauge fields (5.50)—(5.53) is defined up to gauge transformations (5.34)—(5.37). As
we have demonstrated in section 4, the conformal symmetries can also be realized on a space
of the field strengths. We now discuss the oscillator form of the field strengths for gauge fields
(5.2)—(5.5) and the corresponding realization of conformal symmetries on a space of the field
strengths.
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5.3. Oscillator realization of conformal algebra symmetries on field strengths

We introduce the following ket-vectors of field strengths constructed out of ket-vectors of
gauge fields (5.2)—(5.5):

|F°) =) + (1 + )| F(p-1)), (5.54)
|F) = ad|F°), (5.55)
|F°) = 1) + | F (o)) , (5.56)
|F®) = |F(¢1), (5.57)

where |F(¢r)), k' = 0, £1 are defined as in (5.22). One can make sure that field strengths
(5.54)—(5.57) are invariant under gauge transformations (5.34)—(5.37).

Conformal dimensions of the field strengths can be read from (5.48), (5.49) and (5.54)-
(5.57):
A(F®)) = % A(F)) = 62—1 A(F®)) = %l A(F®)) = % (5.58)
The realization of the Poincaré algebra symmetries and dilatation symmetry on the space of
the ket-vectors of field strengths is given by (2.16)—(2.18), where the operator M takes the
form as in (5.38), while conformal dimensions are given in (5.58).

Making use of transformations of the ket-vectors of gauge fields given in (5.50)—(5.53), we
find the corresponding conformal boost transformations of the ket-vectors of field strengths,

SkalF®) = K& | F®), (5.59)
Sxe|F) = K& y|F) — | F?), (5.60)
Sxe| F*°) = K4 | F*®) — “|F?), (5.61)
Skal F®) = K& 1| F®) +a®|F*) +&°|F) — 8°|F®), (5.62)

where the operator Ky ,, is given in (2.20), while the conformal dimensions are defined in
(5.58). Comparing these formulas with the general relation (2.19), we find the realization of
the operator R on a space of the ket-vectors of the field strengths:

Sge| F®) =0, (5.63)
Sge| F) = —a®|F®), (5.64)
Spe| F2°) = —a"| F®), (5.65)
Sre| F®) = a®|F®°) + @°|F) — 9°|F®). (5.66)

5.4. Oscillator form of the light-cone gauge Lagrangian

To discuss the oscillator form of the light-cone gauge Lagrangian, we collect fields (4.19) into
the following ket-vectors:

[f1c.) = V¥|Pi)1c + Vo d—1)1c + Cldodic, (5.67)

1 ; oy it /
|¢k’)l.c = m(xll .. 'al‘,,]¢kl/m| 1|O), k' = —1, 1, (568)
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1
w—21"

|po)1.e = a7 0). (5.69)
In terms of the ket-vector |¢)..) (5.67), the light-cone gauge Lagrangians (4.25), (4.26) can
concisely be represented as

h
Lie. = 5 (el —M3)|p1e), (5.70)

M? = veD°, (5.71)

where the normalization factor % is given in (4.22).
6. Conclusions

In this paper, we applied the ordinary-derivative approach, developed in [25], to the study of
conformal self-dual fields in the flat space of an even dimension. The results presented here
should have a number of interesting applications and generalizations, some of which are as
follows.

(1) The results in this paper and the ones in [25] provide the complete ordinary-derivative
description of all fields that appear in the graviton supermultiplets of conformal
supergravity theories. It would be interesting to apply these results to the study of
supersymmetric conformal field theories [20—24] in the framework of ordinary-derivative
approach. The first step in this direction would be the understanding of how the
supersymmetries are realized in the framework of our approach.

(ii) Our approach to conformal theories (see [25, 26]) is based on the new realization of
conformal gauge symmetries via Stueckelberg fields. In our approach, the use of the
Stueckelberg fields is very similar to the one in the gauge invariant formulation of massive
fields. Stueckelberg fields provide interesting possibilities for the study of interacting
massive gauge fields (see e.g. [27, 28]). So we think that application of our approach to
the interacting conformal self-dual fields may lead to new interesting development.

(iii) The BRST approach is one of the powerful approaches to the analysis of various aspects
of relativistic dynamics (see e.g. [29, 30]). This approach is conveniently adapted for the
ordinary-derivative formulation. Recent application of the BRST approach to the study
of totally antisymmetric fields may be found in [31]. We think that extension of this
approach to the case of conformal self-dual fields should be relatively straightforward.

(iv) Self-dual fields studied in this paper are the particular case of mixed-symmetry fields. In
the previous years, there were interesting developments in studying the mixed-symmetry
fields [32-35] that are invariant with respect to Poincaré algebra symmetries. It would
be interesting to apply methods developed in [32-35] to studying the conformal self-dual
mixed-symmetry fields®. There are various other interesting approaches in the literature
which could be used to discuss the ordinary-derivative formulation of conformal self-dual
fields. This is to say that various recently developed interesting formulations in terms of
unconstrained fields in flat space may be found in [38, 39].
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Appendix A. Derivation of the ordinary-derivative gauge invariant Lagrangian

Because the methods for finding the ordinary-derivative Lagrangian for arbitrary d > 4 are
quite similar we present details of the derivation for the case of d = 4. To derive the ordinary-
derivative gauge invariant Lagrangian (3.5), we use the Lagrangian of the standard formulation
givenin (2.33). First, in place of the field T% we introduce the fields 7 and ¢“, by the relation

Tah — tab + Fab(¢71) + geahcche((bfl) , (Al)

where ¢ satisfies the self-duality constraint (3.2). Plugging (A.1) in (2.33) we obtain
Ly=—5F"(@_)OF*(¢_)

_%fab |:| Fab(¢71) _ %Fub(é—l) Dtab + aufucabtbc’ (A2)

where the field strength F%(¢_;) is defined as in (3.6). We note that the representation for
T* given in (A.1) implies that 7% is invariant under the gauge transformations

e (A.3)

8190 = 990L — 9P 4 Tetbeehene. (A.4)

This implies that Lagrangian (A.2) is also invariant under gauge transformations (A.3), (A.4).

Second, we introduce new fields ¢{ and ¢ by using the following Lagrangian in place of
(A.2):

L=Ly— XX, (A.5)
where we use the notation
X = g8 + 3¢y — 3" F™(p_1) — "1™, (A.6)

and X is complex conjugate of X“. It is clear that, on-shell, Lagrangians Ly and £ describe
the same field D.o.F. Using the formula (up to total derivative)

910" F* = —51" O F, (A7)
it is easy to see that Lagrangian (A.5) gives the ordinary-derivative Lagrangian (3.5).

We now consider gauge symmetries of Lagrangian (A.5). Because the contribution to X¢
given by (see (A.6))

— P Fba(¢_)) — 9Pt (A.8)

is invariant under gauge transformations (A.3), (A.4), the X“is also invariant under these gauge
transformations, i.e. Lagrangian (A.5) is invariant under gauge transformations (A.3), (A.4).
Besides this, we note that X is invariant under the additional gauge transformations

sopi = 0%, d¢o = —&o. (A.9)

Altogether, gauge transformations (A.3), (A.4), (A.9) amount to the ones given in (3.10)—
(3.13).

Appendix B. Derivation of the operator R*

In this appendix, we outline the derivation of the operator R* (5.41). The use of the oscillator
formulation turns out to be convenient for this purpose. The operator R? is then determined
by requiring the action of the self-dual field (4.4) to be invariant under the conformal boost
transformations. In order to analyze restrictions imposed on the operator R* by the conformal
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boost symmetries, we need to know the explicit form of the restrictions imposed on the operator
E (5.13) by the Lorentz and dilatation symmetries. Requiring action (4.4) with Lagrangian
(5.12) to be invariant under the Lorentz and dilatation symmetries 8,48 = 0, §pS = 0,
amounts to the following respective equations for the operator E:

[E,J?"]=0, [E, D] =2E, (B.1)
where the operators J% and D are given in (2.17) and (2.18), respectively.

The variation of Lagrangian (5.12) under the conformal boost transformation can be
presented as (up to total derivative)

h
Sk L = §<<I>|81<aE|d>>, (B.2)
SkeE = KYE +EK". (B.3)

Using (B.1) and K“ given in (2.19), we make sure that §g« E (B.3) can be represented as

8x«E = RE + ER" + E°, (B.4)

E = (A+ D[E,x“1+[E, x"1M“ — L[[E, x"], x"19°, (B.5)
where M® and A are given in (5.38), (5.39). From (B.2), (B.4), we see that the requirement of
invariance of the action under the conformal boost transformations amounts to the equations

RYE+ER*+E*“~0. (B.6)

In (B.6) and below, to simplify our formulas, we adopt the following convention. Let A be
some operator. We use the relation A ~ 0 in place of (®|A|P) = 0.
Using the operator E (5.13)—(5.19) and formula (B.5), we find immediately the operator

E“:
ES, . +ES —vea
E — (2O 2ol ’ B.7)
—a‘v° 0
E;abm =2A'9% — (A" + Nya“ad + (—A + Ne)ada“, (B.8)
Egyo = (A = Noera” +ae (A" + Ne), (B.9)

where ey, e; and A’ are given in (5.19) and (5.39), respectively. Also we note that the
commutation relation [D, K] = K¢ gives the following equation for the operator R*:

[D, Rl = R". (B.10)

Equations (B.6), (B.10) constitute a complete system of equations which allows us to determine
the operator R* uniquely. We now discuss the procedure of solving these equations.

The operator E (5.13) is a second-order polynomial in the derivative. From (B.7), we see
that the operator E“ is a first-order polynomial in the derivative. The operator R” also turns out
to be the first-order polynomial in the derivative. Therefore, it is convenient to represent the
operators E, E* and R as power series in the derivative:

E=E,+E,+Eq, (B.11)
E*=E% + E R =R® + R (B.12)

1) (ON 1) (UK

where the operators E,,, E¢ and R{ are degree-n homogeneous polynomials in the derivative.

Explicit expressions for the operators E,, and E{ can easily be read from the respective
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expressions in (5.13)—(5.19) and (B.7)—-(B.9). Using (B.11) and (B.12), it is easy to see that
equation (B.6) amounts to the following equations:

EoRS +he. ~0, (B.13)
EoRG + ER{ +hc. ~0, (B.14)
(EWR + EqRS +he)+ ES ~0, (B.15)
(EoRS +he)+ ES ~0. (B.16)

We now present our procedure for solving equations (B.10) and (B.13)—(B.16).

(i) We note that the most general operators Rf, (B.12) acting on 2-vector |®) (5.1) can be
presented as 2 x 2 matrices given by

RY,. R
(ol (240
R@:( " '”), n=0,1. (B.17)
a a
Rt¢<n> Rzz(m

Requiring the operator R? to satisfy equation (B.10) and constraints (5.28)—(5.31), we
find the following expressions’:

R(’;m) =ro 1@ +aFo 1, (B.18)
R§ 4 =110 +risa@d +reef’o”, (B.19)
Ry = rosd’, (B.20)
R4, =0, (B.21)
Riy = ro5(1 +e€)a’, (B.22)
Rigo, =0, (B.23)
R;‘m) =0, n=0,1, (B.24)

where the operators rg 1, 70,2, 70,4, F0.5, 1.1, ¥'1,5 » 'e1 independent of the oscillators «“ are
given by

~ & - s =

ro,1 = {70,10°%, Fo,1 = V°F0,1L, (B.25)
rig = v 0%, re1 = V% 1 0%, ris = v°r s0°, (B.26)
ro.4 = U704, ro,5 = T0,50°, (B.27)

and the quantities 79 1, ?0,1, ¥0.4, T0.5- T1.1, T1.5 » Te1 independent of the oscillators a?, ¢,
v®, v° remain as undermined constants. Below, we determine these quantities by using
equations (B.13)-(B.16).
Before analyzing equations (B.13)—(B.16), we explain our terminology. Introducing
the notation X for the left-hand side of equations (B.13)-(B.16), we note that X is a
2 x 2 matrix acting on 2-vector |®) (5.1). Using the notation
Xop  Xor

X (Xz¢ Xn) , (B.28)
we note that the 2 x 2 matrix equation X ~ 0 amounts to the four equations,
(Pl Xppld) = 0, (P Xy |t) = O, (t|Xplp) = 0, (t|Xy]t) = 0. We refer to these four
equations as the respective ¢¢-, ¢t-, t¢- and t¢-parts of the equation X ~ 0. We now
turn to the analysis of equations (B.13)—(B.16).

9 As a realization of the operator R* on the gauge field |®) is defined up to gauge transformation (5.32), we ignore
contributions to R“ that can be removed by the gauge transformation (5.32).
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(ii) Using the ¢¢ part of equation (B.13) and the relation
Egpo R}y = r1.1Egpe,d* + 115 Da@d — ry sad@dd* +rey Oef’d”, (B.29)
we find
=71 T =Tl 715 =0. (B.30)

(iii) Making use of the ¢¢ part of equation (B.14) and the relations

Eppo Ry, = @ EppoFo1 +101Epp0,0" —add“Fo 1, (B.31)

E¢¢(|)R;¢“) =e|r1,1&88“+a88“é1r1,1, (B32)
we obtain

Fo,1 = [e1, 1], 7&1 = —TFo1- (B.33)

(iv) Using the ¢¢ part of equation (B.15) and the relations

E¢¢“)R;¢(U) = 61}_’0'130 — 61}_’0'1()[06{3 + 51}’0,10[86{“, (B.34)
E¢¢(0)R;¢(l) =m1r1,]8“ +m1r6,168b3b, (B35)
E¢,R;‘¢(O) = v°r 50 — V°rgsa’@d — uero,segbab, (B.36)
we find
Tos=1, Te1=—1, o1 =1, T =—1L (B.37)
(v) Using the ¢t part of equation (B.14) and the relation
Eppor Ry + (EigpRos0) = (roa — 11,10°)@0 + (ro.4 — re1v°)e?8°aad, (B.38)
we obtain
To4 = —1, T0.4 =Te1- (B.39)

(vi) Using 7y 1, ?0,1, F0.4, F0.5, 71,1, 71,5 » Te1 given above, we make sure that all the remaining
equations in (B.13)—(B.16) are satisfied automatically. We note that in the analysis of the
tt part of equation (B.15), we use the identity

(tla“@d|t) = (t|lada|t), (B.40)
which can be proved by using the self-duality constraint (5.10).

Appendix C. On-shell D.o.F. of the self-dual field in 4d

We analyze the on-shell D.o.F. of the conformal self-dual field in 4d with the Lagrangian (3.5).
To this end we use the light-cone gauge. In the light-cone frame, the spacetime coordinates
x* are decomposed as x* = x*,x", x', where the light-cone coordinates in % directions
are defined as x* = (x3 + xo)/\/i and x* is taken to be a light-cone time. The so(2)
algebra vector indices take values i, j = 1,2. We adopt the conventions ' =9 = 9/9x',
9% = 95 = 9/9xT.

We are going to prove that the on-shell D.o.F. of the self-dual field are described by two
so(2) algebra self-dual complex-valued vector fields ¢il, ¢i and one complex-valued scalar
field ¢y:

Py, 1. do. (C.1)
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which satisfy the equations of motion

O¢l, —¢1 =0, O¢i =0, O¢o = 0. (C.2)
The vector fields satisfy the so(2) self-duality constraint:

7l =0, 7l = 0. (C.3)
Here and below, we use the notation

'l =8 + 1€, 7 =8 — e, (C4)

where 87/ is the Kronecker delta, while €/ is the Levi-Civita symbol normalized as €'? = 1.
In order to find on-shell D.o.F., we use equations of motion obtained from Lagrangian
(3.5) and the self-duality constraint (3.2):

I F(p)) =0, (C.5)
8bea(¢_1) + 8btba _ (pzll _ 3a¢0 — O, (C6)
O¢o + 097 =0, (C.7)
(1) = Z€ PP (@), C8)
tab — %Eabcetce . (C9)

Taking into account the light-cone frame decomposition of the vector and tensor fields
(3.1,

¢ =" 07, 9, ¢! = o7, 07, 91, 10 = (C.10)

we note that some of the gauge transformations given (3.10)—(3.13) can be represented as

Spf = &, (C.11)
ST, = 9TE, — A*, (C.12)
8Ly =096, — A, (C.13)
St =9"AT — At + eV, (C.14)
St =7V (@A — /A, (C.15)

From (C.11), we see that the field ¢ can be gauge away by using the &) gauge transformation.
From (C.12), (C.13), we see that the fields ¢*, and 7"/¢’ | can be gauged away by using the
respective £_, and w/ A/ gauge transformations. From (C.14), (C.15), we see that the fields ¢~
and 79"/ can be gauged away by using the respective A~ and 7% A/ gauge transformations.
To summarize, we can impose the following gauge conditions:

¢t =0, (C.16)
¢, =0, (C.17)
migl =0, (C.18)
7t =0, (C.19)
=0, (C.20)

23



J. Phys. A: Math. Theor. 43 (2010) 115401 R R Metsaev

Using gauge conditions (C.16)—(C.20), one can make sure that equations (C.5)—(C.9) amount
to the following equations:

O¢¢ =0, (C.21)
3¢t =0, (C.22)
3¢, + o = 0. (C.23)
O, + 8P — ¢¢ =0, (C.24)
O¢o =0, (C.25)
ﬂij(p{ =0, (C.26)
7t =0, (C.27)
7t =0, (C.28)
1 =0. (C.29)

We now analyze gauge conditions (C.16)—(C.20) and equations (C.21)—(C.29).

(1) Inview of (C.18), (C.26), we see that the so(2) algebra vector fields qbil , qbi indeed satisfy
the self-duality constraint given in (C.3).
(ii) Equation (C.21) leads to the second equation in (C.2).
(iii) Differential constraints (C.22), (C.23) and gauge conditions (C.16), (C.17) tell us that the
non-dynamical fields ¢, and ¢_; can be expressed in terms of fields (C.1):

' d' 1

o1 =00 o1 =—57¢0L — 570 (C.30)
(iv) Equations (C.19), (C.27) imply
tH=0. (C.31)

(v) Taking into account (C.29), (C.31) and using equation (C.24), we obtain
O¢" , +d*t — ¢} =0. (C.32)

Multiplying equation (C.32) by 7%/ and using constraint (C.18), we obtain the first
equation in (C.2).

(vi) Multiplying equation (C.32) by 7/ and taking into account (C.18), (C.26) gives the
equation

Tt =0. (C.33)
Equations (C.28), (C.33) imply

1~ =0. (C.34)
Taking into account (C.20), (C.29), (C.31), (C.34), we see that 1% = 0.

To summarize, we proved that on-shell D.o.F. of the self-dual field with Lagrangian (3.5)
are described by fields given in (C.1). These fields satisfy equations of motion (C.2) and
self-duality constraints (C.3). The light-cone gauge Lagrangian which leads to equations of
motion (C.2) is given in (3.39).

24



J. Phys. A: Math. Theor. 43 (2010) 115401 R R Metsaev

Appendix D. e-symbols

In this appendix, we describe various useful relations for e-symbols that we use in the paper.

We introduce the following e-symbols constructed out of the Levi-Civita symbol g1 -@b1-bv
and the oscillators:
T
€= (U!)26“1~~“vblwbva“1 Catal el (D.1)
€l = T Eal...a‘,abz...b\,aa] L aav&bv L 5[1’2’ (D.2)
vi(v—1)!
20 — T eaaz...a\,b]...bvaag B .aa\,c—{b\, . &bl (D3)
vi(v — 1! ’
ab __ T aay...aybby...b, a a, =b, —b
€ :m 2 2 a” ... .ama ...0[2, (D4)
ab _ T aj...ayabbs...b, a a, =b, — b3
€ _—v!(v—Z)! ¥ oa®ar .. a”?, (D.5)
e = ;e“b‘“'“““b‘'"b"ot"3 atah . al, (D.6)
vi(v —2)!
where 7 is defined in (2.28). We note the following helpful relations for these e-symbols:
€’ =[e,a"], e =la’ €], D.7)
e ={le.a’la’, & ={(a".[a" el (D.8)
e’ = {[a%, €], a’}, = {@%, €’} = {e*, a’}. (D.9)
Our e-symbols satisfy the following Hermitian conjugation rules:
el = —e, O ——L egbT = egb, et — gab, (D.10)
On the space of the ket-vector |¢) subject to the constraint
Nolp) = v|g), (D.11)
we obtain the relation
’lg) = I9). (D.12)

It is this property of the e-symbol that is used for the definition of the self-dual ket-vector |¢)
(5.10). One has the following helpful identities involving e-symbols, the oscillators and the
derivative:

adel’d’ = €979 — e* O +e’@dd", (D.13)
€t@dd’ = -9’9 + & O +ade™’d’. (D.14)
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